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ABSTRACT 
A design procedure is put  forward for pole al location for single-input systems with time delays. 
A relationship is obtained which allows a straightforward calculation of  the feedback matrix 
to attain prescribed c losed- loop pole positions. Numerical  examples are given to illustrate the 
method. 
I. INTRODUCTION 
The theory of non-delay multivariable systems is 
well advanced and several methods exist for design- 
ing feedback controllers to achieve desired objectives. 
The two major design techniques for non-delay sys- 
tems on which considerable r search as been focused 
are optimal control and pole assignment methods. In 
recent years the optimal control method has been 
extended to time-delay systems [1-4]. Here is an 
atte~apt to extend the pole assignment method to 
single-input systems with state and control delays. 
2. SINGLE-INPUT SYSTEMS WITH TIME DELAYS 
Consider a controllable single-input system with input 
delay described by 
x(t) = Ax(t) + bu( t -a )  (1) 
where x is the n x 1 state vector, u is the scalar con- 
trol input, A and b are constant matrices of appro- 
priate dimensions and a is the constant delay. 
Taking Laplace transform from equation (1), we 
obtain 
sX(s) = AX(s) + b exp (- as) U (s) 
Thus, the transfer-function representation f equa- 
tion (1) is 
X(s) = (sI- A)- lb exp (- as) U(s) - g(s) exp (-as) -U(s) 
FCs) 
where g(s)= adj ~sI-A)b is the n x 1 non-dehy nu- 
merator polynomial vector and F(s) = [sI -A[ is the 
characteristic polynomial of the open-loop system. 
If, now, state-variable f edback u = v - kx, where v is 
the command input and k is the 1 x n state feedback 
vector is applied, the characteristic polynomial of the 
closed-loop system becomes 
H(s)= [s I -A+bexp( -as )  k[ 
The identity . 
I s l -A+l )k[=[s I -A{ +kadj (sI-A) b (2) 
will be our main toll in the subsequent development. 
This result has been obtained by Fallside and Seraji 
[5, 6]. On substituting A=A and b = b exp (- as) in 
equation (2) we obtain 
H(s) = [s I -A[ + k adj (s I -A)b  exp (- as) 
or  
H (s) = F(s) + kg (s) exp (-as) (3) 
Equation (3) relates the state feedback vector k 
directly to the closed-loop characteristic polynomial 
H (s) and forms the basis of this design method in 
which k is calculated so as to position the n roots 
of H (s) at specified locations )~1, X2 ..... Xn in the 
complex plane. Now, for )~1, X2 ..... X n to be roots 
of H (s), we require 
H(X1) = F0~I) + kg(X1) exp (-Xla) = 0 
H(~,2) = F (},2) + kg(}v2) exp (-~2 a) = 0 
H (Xn) = F (~) + kg (Xn) exp (-Xna) = 0 
These equations can be written as 
gT (X1) exp (-Xla) k T = - F (~'1)  
gT (X2) exp (- ~2 a) k T = - F (~'2) 
gT (Xn) exp (- ~n a) k T = - F (~n)  
or, in matr~ form, 
GkT= f (4) 
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where 
gT 0kl) exp (-)~la)] 
I G= 
gT (Xn) exp (-Xna) j 
is an n x n constant non-singular matrix [5] 
and 
,=   c 1/1 
is an n x 1 constant vector. Hence, from equation (4) 
K T = G-1  f 
Thus the n elements of the state feedback vector k 
which positions the n roots at X 1 . . . . .  k n are found. 
2.1. Example one 
Consider a system described by 
= x + u ( t -  0.1) 
0 - -  " 
Find the state feedback vector k = (k I k2) required 
to place the poles a t -2  and -3. 
In this case, 
X(s) = (sI - A ) - lb  exp(-as) U (s) 
1 
s2 _--~ s - l J  exp ( -0.1s)U(s)  
From equation (3) the closed-loop characteristic 
polynomial is given by 
i(t)  = A0x (t) + AlX (t - 3). + butt) (5) 
where fl is the constant delay and A 0 and A 1 are 
matrices of appropriate dimensions. Taking Laplace 
transform from equation (5), we obtain 
sX(s) = A0X(s ) + AleX P (-fls) X(s) + bU(s) 
and thus 
X(s) = [sI - {A 0 + AleX p (-f ls)}]- lbU(s) = ~ g (s) u~s) 
where g(s)= adj [ s I -  {A 0 + Alexp( - f ls )}]b is the 
n x I numerator polynomial vector and 
F (s) = det [sI - {A 0 + A lexp  (- fls) ) ] is the open- 
loop characteristic polynomial. The design problem 
is to fred the state feedback vector k, u = v - kx, 
such that the closed-loop system matrix 
A c = A 0 + A 1 exp (-3s) - bk has a given set of  eigen- 
values )k I ..... )k n. 
Now, the closed-loop characteristic polynomial is 
H(s) = [sl- Acl = IsI- [A 0 + Alex P (-~s)] + bk[ 
Using identity (2), H(s) can be expressed as 
H(s) = I sI - A 0 - Alexp(- ~s) [ + k adj [sI-A 0 - Alexp(-Os)lb 
or 
H(s) = V(s) + kg(s) (6) 
In order to position the n roots of H(S) a.t k I .... , k n, 
we require 
H(k l )  = O, FO~I) + kg(kl)  = 0 
H()~n) = 0, F(•n) + kg0,n) = 0 
This is a set of n linear equations from which the n 
unknown elements of the state feedback vector k can 
be found. 
H (s) = s 2 - 1 + k I (s + 1) exp (- 0As) + k 2 (s-l) exp(-0.1s} 2"3" Example two 
Consider a system described by 
The pole specifications require 
H (- 2) = 0 ,  3 - exp (0.2) k I - 3 exp (0.2) k 2 = 0 
H (- 3) = 0 ,  8 -  2exp (0.3) k I -4  exp (0.3) k 2 = 0 
From these two linear equations, the feedback gains 
k I and k 2 are found to be 
k I = -6exp  (-0.2) + 12exp (-0.3) 
k 2 = 3exp (- 0.2) - 4 exp (- 0.3) 
2.2. Systems with delayed state 
Consider a controllable single-input system with 
delayed state described by 
i10] = x( t -  0.2) + u 
0 -1 
Find the state feedback vector k= (k I k2) required 
to place the poles at -1, -2. 
The transfer function vector is given by 
G (s) = [sI - Aexp (- fls)] -1 b 
1 Is + exp(-O.2s)] 
[s-exp(-0.2s)][s +exp(-0.2s)]  s - exp (-0.2s)J 
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From equation (6) the closed-loop characteristic 
polynomial is 
H(s) = [s-exp(-0.2s)] [s+ exp(-0.2s)] 
+ kl[s + exp(-0.2s)] + k 2 [s-exp(-0.2s)]  
To position the poles at -1, -2, we require 
H(-1) = 0, 
[exp(0.2) -1] k I - [exp(0.2) + 1] k 2 
= [exp(0.2) + 1] [exp (0.2) - 1] 
a ( -2 )  = O, 
[exp(0.4) -2] k I - [exp (0.4) + 2]  k 2 
= [exp(0.4) + 2] [exp(0.4) - 2] 
The feedback gains k I and k 2 are found to be 
kl  _ e - exp (0.47 - 4 exp(0.2) -2 
2exp (0.47 - 4exp(0.2) 
k2 _ e -  2exp(0.8) + 3exp(0.4) -4exp(0.2) + 2 
2 exp (0.4) - 4exp (0.2) 
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3. CONCLUSIONS 
In this paper the pole assignment method for non- 
delay systems has been extended to single-input sys- 
tems with time delays in both input and state vectors. 
Simple examples illustrating the method are presented. 
Further work on the extension to multivariable sys- 
tems, output feedback and to the case of wLriable 
delay is presently under study. 
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